In this paper, we introduce the new concept called a non-Archimedean fuzzy metric-like space and prove some common fixed point theorems in this space. Our results extend some corresponding ones in the literature. Also, we give some examples to illustrate the main results. Finally, as applications, we consider the existence problem of solutions of integral equations by our main results.
Introduction
In 1975, Kramosil and Michalek [12] introduced the concept called a fuzzy metric space. Later, some authors introduced some kinds of new fuzzy metric spaces in different ways ( [4, 5, 11] ).
To obtain a Hausdorff topology of fuzzy metric spaces, in [7] , George and Veeramani modified the concept of a fuzzy metric space in the sense of Kramosil and Michalek and showed that every ordinary metric induces a fuzzy metric in the sense of George and Veeramani.
On the other hand, in [8] , Grabiec initiated the study of fixed point theory in fuzzy metric spaces, which is a parallel theory in probabilistic metric spaces [3] . In [9] , Gregori and Sapena introduced a class of fuzzy contractive mappings and proved several fixed point theorems for these mappings in fuzzy metric spaces in the senses of George and Veeramani and Kramosil and Michalek. The results of Gregori and Sapena extend classical Banach's fixed point theorem, that is, their results can be considered a fuzzy version of Banach's contraction theorem. For more results on fixed point theorems in fuzzy metric spaces, the readers may refer to [6, 13-16, 18, 20, 21] .
Recently, in [1, 2] , Aydi et al. introduced the concept of a metric-like space and they proved some fixed point theorems in metric-like spaces. Based on the concept of a metric-like space, in [17] , Hierro and Sen proposed a new space called a Menger probabilistic metric-like space, which is a generalization of a metric-like space, and proved some fixed point theorems in this space.
In this paper, inspired by the results of Hierro and Sen [17] , we give the concept called a fuzzy metriclike space and point out the difference between these classes of fuzzy metric-like spaces and probabilistic metric-like spaces. Also, we give some examples to illustrate the class of fuzzy metric-like spaces. Then we define the concept of a non-Archimedean fuzzy metric-like space and prove some common fixed point theorems for some contractions in these spaces. Our results extend the corresponding ones in the literature and we give one example to show the validity of our main result. Finally, as applications, we consider the existence problem of solutions of integral equations by the results of this paper.
Preliminaries
First, we introduce some definitions and examples as follows:
It is known that a * M b = min{a, b} and a * P b = ab are two classic continuous t-norms.
Definition 2.2 ([12]
). A fuzzy metric space (in the sense of Kramosil and Michalek) is a triple (X, M, * ), where X is a nonempty set, * is a continuous t-norm and M is a fuzzy set on X 2 × [0, ∞) satisfying the following properties: for all x, y, z ∈ X and s, t > 0, (KM1) M(x, y, 0) = 0 for all x, y ∈ X; (KM2) M(x, y, t) = 1 for all t > 0 if and only if x = y; (KM3) M(x, y, t) = M(y, x, t) for all x, y ∈ X and t > 0;
From (KM2) and (KM5), we see that the fuzzy metric M(x, y, t) is nondecreasing in t for all x, y ∈ X (see [8] ).
In Definition 2.2, if (KM5) is replaced by (NA) M(x, z, max{s, t}) M(x, y, s) * M(y, z, t), for all x, y, z ∈ X and s, t, > 0 or, equivalently, M(x, z, t) M(x, y, t) * M(y, z, t)
for all x, y, z ∈ X and t > 0, then the triple (X, M, * ) is called a non-Archimedean fuzzy metric space [10] .
It is easy to see that (NA) implies (KM5), that is, each non-Archimedean fuzzy metric space itself is a fuzzy metric space. However, the inverse is not true.
In this paper, for our purpose, we give the new concept called a fuzzy metric-like space (in the sense of Kramosil and Michalek) by modifying Definition 2.2. M(x, y, t) = t t + x + y for all x, y ∈ X and t > 0. It is easy to see that M satisfies the conditions (KML1)-(KML4). Now, we show that
for all x, y, z ∈ X and s, t > 0. Without loss of generality, we assume that s s+x+y t t+y+z , i.e., s(y + z) t(x + y). It follows that
Since s+t s+t+x+y+y+z s+t s+t+x+z , we have t t + y + z s + t s + t + x + z .
Thus (2.1) holds. Therefore, (X, M, * M ) is a fuzzy metric-like space. It is easy to see that (X, M, * P ) is also a fuzzy metric-like space since * M * P .
for all x, y ∈ X and t > 0. If M(x, y, t) = 1 for all t > 0, then x = y = 0. Hence (KML1) holds. Obviously, (KML2)-(KML4) also hold. Now, we show that
for all x, y, z ∈ X and s, t > 0. In fact, from
we have x 2 + z 2 s + t x 2 + y 2 s + y 2 + z 2 t and so e x 2 +z 2 s+t e x 2 +y 2 s e y 2 +z 2 t , which implies that (2.2) holds. Therefore, (X, M, * P ) is a fuzzy metric-like space.
In Example 2.4, the function M(x, y, t) is non-decreasing in t for all x, y ∈ X. However, in the following example, it is not this case.
be defined by M(x, y, 0) = 0 for all x, y ∈ X, M(0, 0, t) = 1 for all t > 0 and M(x, y, t) = xy e t for all x, y ∈ X with x = 0, y = 0 and t > 0. It is easy to check that (X, M, * P ) is a fuzzy metric-like space. Moreover, for all x, y ∈ X, M(x, y, t) is non-increasing in t > 0.
From Example 2.6, we see the following: Remark 2.7. In a fuzzy metric-like space (X, M, * ),
(1) even if x = y, then M(x, y, t) = 1 for all t > 0 does not necessarily hold. However, for some x, y ∈ X, x = y may imply that M(x, y, t) = 1 for all t > 0. For example, in Example 2.6, M(0, 0, t) = 1 for all t > 0;
(2) for all x, y ∈ X, M(x, y, t) is not necessary non-decreasing in t > 0, which is the main difference with Menger probabilistic metric-like space defined by Hierro and Sen [17] .
Let (X, M, * ) be a fuzzy metric-like space. For all x ∈ X, ∈ (0, 1) and t > 0, define
is said to be an ( , t)-neighborhood field of x. It needs to notice that x ∈ B x ( , t) does not necessarily hold.
Definition 2.8. Let (X, M, * ) be a fuzzy metric-like space and {x n } be a sequence in X.
(1) {x n } is said to be convergent to x ∈ X if for any ∈ (0, 1) and t > 0, there exists N = N( , t) ∈ N such that x n ∈ B x ( , t) for all n > N, that is, lim n→∞ M(x n , x, t) = 1 for all t > 0. We call the point x as the limit of {x n } and write x n → x as n → ∞.
(2) {x n } is called a Cauchy sequence in X if for any ∈ (0, 1) and t > 0, there exists
(3) (X, M, * ) is said to be complete if each Cauchy sequence in (X, M, * ) is convergent to a point in X.
Proposition 2.9. Let (X, M, * ) be a fuzzy metric-like space and {x n } be a sequence in X. If {x n } is convergent, then the limit of {x n } is unique.
Proof. Assume that x, y ∈ X are the limits of {x n }. Now, we show that x = y. In fact, since * is continuous, it follows from (KML5) that, for all t > 0,
as n → ∞. So, it follows from (KML2) that x = y. This completes the proof.
In a fuzzy metric space (X, M, * ), if a sequence {x n } converges to a point x ∈ X, then M(x n , y, t) converges to M(x, y, t) for all y ∈ X and t > 0. However, in a fuzzy metric-like space (X, M, * ), if a sequence {x n } in X converges to a point x ∈ X, then it does not imply that M(x n , y, t) → M(x, y, t) for all y ∈ X and t > 0. For this, we give the following example.
2 for all t > 0 and M(x, y, t) = 1 xy for all x, y ∈ X with (x, y) / ∈ {(1, 1), (1, 4), (4, 1)} and t > 0. It is easy to check that (X, M, * P ) is a fuzzy metric-like space. Let {x n } be a sequence defined by
for all t > 0 as n → ∞, that is, x n → 1 as n → ∞. However, it follows that
for all t > 0 as n → ∞, that is, M(x n , 4, t) M(1, 4, t) for each t > 0 as n → ∞.
Non-Archimedean fuzzy metric-like space: In Definition 2.3, if we replace the condition (KML5) with the condition (NA), then we call (X, M, * ) a non-Archimedean fuzzy metric-like space. Of course, if (X, M, * ) is a non-Archimedean fuzzy metric-like space, then the following holds:
M(x, z, t) M(x, y, t) * M(y, z, t)
for all x, y, z ∈ X and t > 0. Now, we give one example which is a non-Archimedean fuzzy metric-like space, but not a fuzzy metric-like space since as follows:
It is easy to check that (X, M, * M ) is a non-Archimedean fuzzy metric-like space. However, (X, M, * M ) is not a fuzzy metric-like space since M x, z, 9 10 + 7 10 < min M x, y, 9 10 , M y, z, 7 10 for all x, y, z ∈ X. Proposition 2.12. Let (X, M, * ) be a non-Archimedean fuzzy metric-like space and {x n }, {y n } be the sequences in X. Assume that x n → x and y n → y as n → ∞. Then lim n→∞ M(x n , y n , t) = M(x, y, t) for all t > 0.
Proof. For all t > 0, we have M(x, y, t) M(y, y n , t) * M(y n , x n , t) * M(x n , x, t) and M(x n , y n , t) M(x n , x, t) * M(x, y, t) * M(y, y n , t).
Since * is continuous, we have
Thus it follows that lim n→∞ M(x n , y n , t) = M(x, y, t).
This completes the proof.
The main results
Let Φ denote the set of all functions ϕ : [0, 1] → [0, ∞) satisfying the following conditions:
(a) ϕ(t) is strictly decreasing for all t > 0 and left continuous;
It is easy to see that, if ϕ ∈ Φ, then ϕ(a n ) → 0 if and only if a n → 1.
Theorem 3.1. Let (X, M, * ) be a complete non-Archimedean fuzzy metric-like space and S, T : X → X be two mappings. Suppose that there exists ϕ ∈ Φ such that ϕ(M(Sx, T y, t)) k(t)ϕ(M(x, y, t)) (3.1)
for all x, y ∈ X and t > 0, where k(t) ∈ (0, 1) for all t > 0. Then S and T have a unique common fixed point in X.
Proof. Take x 0 ∈ X arbitrarily and define the sequence {x n } in X by
for each n ∈ N ∪ {0}. For each n ∈ N ∪ {0}, by (3.1) we have
for all t > 0. It follows that, for each n ∈ N,
for all t > 0. Since ϕ is strictly decreasing, one has
for each n ∈ N and t > 0. Let t > 0 and a n (t) = M(x n , x n+1 , t). Then there exists a(t) ∈ (0, 1] such that lim n→∞ a n (t) = a(t).
Since ϕ is left continuous, it follows from (3.2) that
ϕ(a(t)) k(t)ϕ(a(t)) < ϕ(a(t)),
which is a contradiction. So, ϕ(a(t)) = 0 and a(t) = 1. Thus we have
for all t > 0. Next, we show that {x n } is a Cauchy sequence in X. In fact, if {x n } is not a Cauchy sequence, then there exist 0 ∈ (0, 1) and t 0 > 0 such that, for each n ∈ N, there exist p n , q n ∈ N with p n > q n n satisfying
By (3.3) and (note that (NA) implies that the following second inequality holds)
Similarly, we also have
Thus we can assume that p n are odd numbers, q n are even numbers and M(x p n , x q n , t 0 ) 1 − 0 for each n ∈ N. By (3.1), we have
Since ϕ is strictly decreasing, one has
which is a contradiction. Thus {x n } is a Cauchy sequence in X. Since X is complete, there exists a point x ∈ X such that {x n } converges to x. Now, we prove that the limit x is a common fixed point of S and T . For each n ∈ N and t > 0, it follows from (3.1) that
as n → ∞. Since ϕ is strictly decreasing and left continuous, we have
for all t > 0 as n → ∞. Thus x = Sx. Similarly, we can have x = T x. Therefore, the limit x is a common fixed point of S and T . Finally, we show the uniqueness of a common fixed point of the mappings S and T . Suppose that y ( = x) is another common fixed point of S and T . By (3.1), we have ϕ(M(x, y, t)) = ϕ(M(Sx, T y, t)) k(t)ϕ(M(x, y, t)) < ϕ(M(x, y, t)) for all t > 0. Hence ϕ(M(x, y, t)) = 0, which implies M(x, y, t) = 1 for all t > 0. Thus, from (KML2), it follows that x = y. This completes the proof. Corollary 3.2. Let (X, M, * ) be a complete non-Archimedean fuzzy metric-like space and S : X → X be a mapping. Suppose that there exists ϕ ∈ Φ such that
for all x, y ∈ X and t > 0, where k(t) ∈ (0, 1) for all t > 0. Then S has a unique fixed point in X.
Since every fuzzy metric-like space is not necessarily a non-Archimedean fuzzy metric-like space, we can not get the following result by directly replacing a non-Archimedean fuzzy metric-like space with a fuzzy metric-like space. Theorem 3.3. Let (X, M, * ) be a complete fuzzy metric-like space and S : X → X be a mapping. Suppose that there exists ϕ ∈ Φ such that ϕ(M(Sx, Sy, t)) k(t)ϕ(M(x, y, t)), (3.4) for all x, y ∈ X and t > 0, where k(t) ∈ (0, 1) for all t > 0. Then S has a unique fixed point in X.
Proof. For each n ∈ N, let b n (t) = sup k 1 ϕ(M(x n , x n+k , t)). From (3.4), it follows that, for each n, k ∈ N,
for each n ∈ N and t > 0. Thus there exists b
for each k ∈ N. It follows that {x n } is a Cauchy sequence in X. Since X is complete, there exists x * ∈ X such that x n → x * as n → ∞. Finally, by the similar process with the proof of Theorem 3.1, we can conclude that x * is the unique fixed point of S. This completes the proof. for all x, y ∈ X with x + y > 0 and t > 0. Now, we show that (X, M, * P ) is a non-Archimedean fuzzy metric-like space. First, it is easy to see that M satisfies the conditions (KML1)-(KML4). For all s, t > 0 and x, y, z ∈ X, since
we have e for all x, y, z ∈ X and s, t > 0. Therefore, (X, M, * P ) is a non-Archimedean fuzzy metric-like space. Let {x n } be a Cauchy sequence in X. By the definition of M, there exists N ∈ N such that, for all n > N, x n = 0. Thus (X, M, * P ) is complete. Let ϕ(t) = − ln t for all t ∈ (0, 1]. Define two mappings S, T : X → X by S(0) = 0, S( ϕ(M(x, y, t)) = 1 (2n + 2m)t for all t > 0. Hence (3.5) holds. Therefore, all the conditions in Theorem 3.1 are satisfied and so we can conclude that S and T have a unique common fixed point x * in X. In fact, x * = 0 is a unique common fixed point of the mappings S and T .
Applications
In this section, consider the following integral equation:
where
for all u, v ∈ X and t > 0. Now, we show that (X, F, ∆ P ) is a fuzzy metric-like space. Obviously, F satisfies the conditions (KML1)-(KML3). Next, we prove the following holds:
for all u, v, w ∈ X and s, t > 0. Observe that
So, it follows that 1
Hence we have
and so (4.2) holds. Therefore, (X, M, * P ) is a fuzzy metric-like space and it is easy to see that M(X, M, * P ) is complete. Let S(u(x)) = L 0 K(x, r, u(r))dr for all u ∈ X and x ∈ [0, L]. Obviously, the existence of a solution to the equation (4.1) is equivalent to the existence of a fixed point of S. for all t > 0. Thus, from Theorem 3.3, it follows that S has a unique solution in X. This completes the proof.
